Classical nonlinear continuum mechanics is built on the balance laws of linear and angular momentum, supplemented by balance of energy and a statement of the second law. These two additional laws are satisfied if the internal dissipation in the material ~t, understood as the difference between the stress power and the rate of change of the internal energy, is positive, a In particular, for nonlinear elastodynamics with conservative loading, the internal dissipation vanishes for smooth solutions and the total energy in the system Ett ~ is exactly conserved. For non-smooth solutions; i.e. in the presence of shocks, dissipation arises and the energy in the system is no longer conserved; see Knowles [1979]. In what follows, we shall only be concerned with smooth solutions.
w Introduction and motivation
Classical nonlinear continuum mechanics is built on the balance laws of linear and angular momentum, supplemented by balance of energy and a statement of the second law. These two additional laws are satisfied if the internal dissipation in the material ~t, understood as the difference between the stress power and the rate of change of the internal energy, is positive, a In particular, for nonlinear elastodynamics with conservative loading, the internal dissipation vanishes for smooth solutions and the total energy in the system Ett ~ is exactly conserved. For non-smooth solutions; i.e. in the presence of shocks, dissipation arises and the energy in the system is no longer conserved; see Knowles [1979] . In what follows, we shall only be concerned with smooth solutions.
In the absence of external loading or in the presence of symmetries, the dynamics of a continuum exhibits two fundamental conservation laws in the pure traction initial boundary value problem (IBVP): The conservation laws of total linear momentum Lt and total angular momentum Jr. In addition, the condition of positive dissipation yields an a-priori estimate on the rate of change of the total energy, which decays exactly by minus the dissipation. In summary:
dLtdt =0, --~-=dJt 0 and dEtt~ : --o~int ~O'~t (1.1)
Invited Lecture, Presented at Oberwolfach January 1992. 2 Supported by AFOSR under Grant No. 2-DJA-826 with Stanford University. 3 Implicit here is the assumption that the entropy production due to heat conduction is positive; equivalently, the heat flux does not oppose the temperature gradient; see Truesdell and Noll [1972] .
These fundamental properties of the continuum dynamics play a key role both in purely mathematical aspects of the IBVP as well as in many engineering applications. For instance, the realization of attitude controls for orbiting flexible satellites exploits these properties in a crucial manner.
Temporal and spatial finite difference/finite element discretizations of the continuum dynamics need not, and in general will not, inherit the conservation of momentum properties (1.1)1,2 and the a-priori estimate (1.1)3. The central goal of this work is the systematic construction of algorithmic approximations to the continuum dynamics that will inherit, by design, these conservation properties and the a-priori estimate. There is a sizable body of literature concerned with the design of algorithms possessing these conservation properties; see e.g. Bayliss and Isaacson [1975] and Labudde and Greenspan [1976a,b] . It is often the case, however, that algorithms designed to preserve the a-priori energy estimate result in violation of momentum conservation and vice versa. For instance, the conservation form of the mid-point rule is an exact momentum conserving algorithm which does not conserve energy for autonomous Hamiltonian systems, except in the linear regime; see Simo, Tarnow and Wong [1992] . On the opposite side, the method of Hughes, Liu and Caughy [1978] yields an energy conserving algorithm which does not preserve angular momentum. For rigid body mechanics, on the other hand, Simo and Wong [1991] show that the conservation form of the mid-point rule in body coordinates, together with the exponential mapping in the rotation group, define an exact energy and momentum conserving algorithm.
For smooth solutions in nonlinear elastodynamics, the model problem of interest here, the algorithmic treatment proposed below achieves exact conservation of both energy and total linear and angular momentum. Remarkably, the scheme amounts to a simple modification of the conservation form of the mid-point rule, according to the following prescription:
Step 1. Write a mid-point rule approximation to the IBVP for nonlinear elastodynamics, written in conservation form, with the symmetric stress tensor left open. We show that this step defines a 6-parameter family of exact momentum conserving algorithms, regardless of the specific form of the constitutive equation.
Step 2. For elastodynamics define the convected symmetric stress tensor by evaluating the gradient of the stored energy function at a convex combination of the right Cauchy-Green tensors at the initial and final times of a typical time increment.
From a mechanical standpoint, Step 1 is equivalent to establishing balance of linear momentum (in conservation form) on the mid-point configuration defined as the average of the initial and final configurations in a time step. It is somewhat surprising that global balance of momentum is satisfied for
